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Abstract 

We consider the massive relativistic particle models on fourdimensional Minkowski 
space extended by N commuting Weyl spinors for = 1 and N = 2. The = 1 model 
is invariant under the most general form of bosonic counterpart of simple D = 4 super- 
symmetry, and provides after quantization the bosonic counterpart of chiral superfields, 
satisfying Klein-Gordon equation. In massless case these fields do satisfy the Fierz-Pauli 
equations. For = 2 we obtain after quantization the free massive higher spin fields 
for arbitrary spin satisfying linear Bargman-Wigner equations. Finally the problem of 
statistics in presented framework for half-integer classical spin fields is discussed. 
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1 Introduction 



Important extensions of the relativistic symmetries were considered in the following two direc- 
tions: 

1. Supersymmetric extension, relating by supersymmetry (SUSY) transformations integer 
and half-integer spin fields (see e. g. [H Ej)- The geometric way of describing super- 
symmetric multiplets is realized in terms of superfields - the functions on superspace 

= {x^, 6*^, 9^^) where 6*^ are anticommuting Grassmann spinors. 

2. Introduction of higher spin (HS) algebras, which act on infinite spin multiplets or if m = 
on infinite helicity multiplets (see e. g. [SJ-IS])- The representation spaces of HS algebras 
are described by the functions on 'bosonic' superspace Za = (x^, A^, A*^) with additional 
commuting spinor variables A^. The bosonic counterparts of superfields one can call the 
spinorial Kaluza-Klein (KK) fields, with spinorial additional dimensions. We obtain 

oo 

^AiZA) = E E E ■ ■ ■ KL^i • • • ^£ • (1) 

n,fc = {«!... Q„) (ii...in) 
(01 ■■■0k) {]!■■■ Jk) 

The auxiliary commuting spinorial variables (AJj,A^) occurs in several geometric frame- 
works, for example in twistor approach to the space-time geometry |E]-|Hj or in the models 
with double (target and world volume) supersymmetry p1]-[TT|. 

In this note we would like to study the group-theoretic and dynamical consequences of 
introducing bosonic counterpart of supersymmetry, obtained by supplementing the Poincare 
algebra by bosonic spinorial charges. We recall the general = 1 SUSY relation with tensorial 
charges |T2l IT8] 

{Qa, Qb} = 2{rC)abP, + {a'^'QabZ^, (2) 

where in Majorana representation C = 70 and 

- is a four-component Majorana spinor of supercharges 

- Zf^i, = —Zy^, describe six Abelian tensorial charges. 

The bosonic counterpart of general = 1 SUSY takes the form 

R,\ = 2{Yl5C)abP, + 2CabZ^'^ + 2(75C)„,Z(2) (3) 

where 

- is a four-component spinor of bosonic charges 

- Z^^^ (Z^"^^) are scalar (pseudoscalar) central charges. 

In order to obtain in (jH)) the standard inversion properties of the fourmomentum generator one 
should assume suitable transformation properties of the spinor Ra-^ 

^Spinorial supercharges transform under space-time inversions in standard way {Q'^ — (7oQ)a for the space 
inversion P, Q'^ = (7075*3)0 for the time inversion T). The bosonic spinorial charges Ra are so-called pseu- 
dospinor |14II15| ) transforming under inversion in alternative way (i?^ — (7o75i?)a under P, R'^ — (7oP)a under 
T). 
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Our aim is to study the massive relativistic particle models invariant under bosonic coun- 
terpart of SUSY and perform their quantization. Contrary to the case of simple SUSY the 
N = 1 relation (jS)) contains scalar and pseudoscalar central charges, which can be related 
with the mass parameter. In Sect. 2 we describe (using two-component Weyl notation) the 
particle model describing the trajectory in the spinorial KK space A^*^'^ with the coordinates 
Za = {Xfj,, Xa, Aq,). After calculating the complete set of constraints we perform the quantization 
using either Heisenberg picture or the Gupta-Bleuler method (Schrodinger picture).^ We shall 
obtain the wave function satisfying the KG equation and the bosonic counterpart of the 

chirality condition. In Sect. 3 we analyze the massless limit of our model, with massless fields 
with arbitrary helicity satisfying Fierz-Pauli equations. In Sect. 4 we consider the relativistic 
particle in iV = 2 spinorial KK space Ai^'^ with the coordinates (x^, Aqj, Aqj) {i = 1,2). It 
appears that for the particular choice of bosonic counterpart of = 2 SUSY, with internal 
symmetry 0(1,1), one can obtain the linear Bargman-Wigner equations for D = 4 massive 
higher spin fields I15j. In Sect. 5 we shall discuss the problem of nonstandard relation 
between spin and statistics for the field components of spinorial KK fields. 

2 Massive particle model with = 1 bosonic counter- 
part of SUSY. 

2.1 Classical model 

We consider the following action^ 

S = j drC, (4) 

C = -m{u^u>'y/^ -i{zrX^-zXo,X'^) (5) 

where 

du" = u^dr = dx^ - idX'^a^J^ + iX'^a^.dX^ . (6) 

The action Q-(jni) describes the particle trajectory in Minkowski space extended by two com- 
muting complex Weyl spinor coordinates A"(r), A" = (A") and invariant under the following 
spinorial bosonic transformation 

= a V -e^ - A^ , (5A" = , 5A° = (7) 

where is a constant commuting Weyl spinor. The constant m is the mass of particle whereas z 
is an arbitrary complex parameter with the dimension of mass. It is easy to see that performing 
the suitable phase transformation A^ = e*"Aa, A^ = e~*"AQ, where a = \arg z one gets the real 
parameter z. 

^Gupta-Bleuler method has been appHed to massive relativistic superparticle e. g. in [T^ITT) . 

•^We use following notations. The metric has mostly minus rj^^ = diag(H ). The Weyl two-spinor 

indices are risen and lowered by Lp" = e^^ipi^, ipa = 'fi^^/Sa, = ^"^'ffj, 'fa = V^^pa where e^^e/^j = —S", 
e'^^e^. = -S^. Algebra a-matrices = (^) and ct^" = e"'^e"''%/5/3 is <y,.aj<ji^ + 'J.^j'^^f = ^Vt^ Jt Also 
we define p^p = P^'^qa' p""^ ~ P^'^'jl^ for a-ny vector p^. 
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Conserved Noether spinorial charges corresponding to the transformations ((Tj) are 

Ra = T^c- Wa0^^ " '^^^a , (8) 
Ra = TTa + iX^P/3a + izX^ (9) 

where the canonical momenta are defined by 

dC 

= ^ = -midJudJ^y^^^dj^ , (10) 
dC 

7r„ = = -ip^pX'^ - izXa , (11) 



dC 



dX'^ 

Using the canonical Poisson brackets 



iX'^Ppa + izXa ■ (12) 



{x^p,} = 5^ {A^7^^} = ^|, {r,7r^} = 5j (13) 
we obtain the algebra 

{i?„,i?^} = -2zp,^, (14) 

{Ra, Rp} = 2izeap , {Ra, R^} = -'2ize^^ (15) 

which is equivalent to the algebra (jH)) with Z = Z^^^ + iZ'-^-* = z. 

From ()10 |) -()12 |) follow the mass shell constraint and the set of four spinorial constraints 

T=p^-m^^O, (16) 

Da = 7ra + tPo^pX'^ + tzXa, ^ , (17) 

Z)a = tTq — iX^Pisa — izXa ~ (18) 
Using the formulae po p - (fT^ we confirm that the canonical Hamiltonian vanishes^ 

n = x^Pf, + riTa + TicX^ - /: = . 

and the total Hamiltonian is the linear combination of first class constraints multiplied by 
Lagrange multipliers. 

The constraints (fT^ - ()18p satisfy the following Poisson brackets 

{D^,D^} = 2tp^^, (19) 

{D^, Dp} = -2tze^p , {D^, D^} = 2ize^^ . (20) 

The scalar constraint T ^ is first class and all the spinorial constraints p7j) . p8|l are second 
class. Indeed we find that the determinant of the matrix 

\{D^,Dp] {D^,D^} J \ -2tpf,^ 2^ze.^ J • ^ ' 



^The vanishing of Hamiltonian follows from the invariance of the action I^HS)) under the arbitrary local 
rescaling r — > r' = r'(r). 
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is equal to^ 

detC = 16(p2 + l^ni (22) 

We see from fl22|) that the matrix C (see (|2I])) is invertible for any z, and the constraints ()17flTHj) 
are second class. 



2.2 Quantization 

The first quantization of the model can be performed using one of two methods: 

i) Following the technique of quantization of systems with second class constraints one 
can introduce Dirac brackets (DB) for the independent phase space degrees of freedom Zm = 

(a;^,p^, A„, Ac,) 

{Zm,Z^}* = {Zm,Zj^} — {Zm, Dr}{C )rs{Ds, Zj^} (23) 
where Dr = {Da, Da). In particular for suitably normalized spinor coordinates^ 

r^a = [2{p' + \z\')]'/'Xa , Va = [2{p' + \z\')]'/'Xa (24) 

one obtains the relations 

{Va, Vp}* = -izeaf3 , {Va, Vf^}* = ize^p , {ria, f]pY = ip^p (25) 

leading after quantization to noncommutative Weyl spinor coordinates. Similarly one can 
calculate 



i.e. we see that the coordinates are becoming also noncommutative. 
One can note that after the linear transformation of the form 

V'a=Va + Cp^0 r/^ , f]'^ = f]a + CT]'^P/3a , (26) 

we can obtain from the algebra for certain choice of c the DB relations {Ti'a,v'f}}* ~ ^a/d, 
{rj'a, f]'^}* = 0. The algebra of such type is used for description of massless fields with arbitrary 
helicities in [3,4]. For other choice of c we obtain alternatively {77^, 77^}* = 0, {77^, fj'^}* ~ p^^. In 
such a case 77^ and 7/^ can be treated as of suitably rescaled creation and annihilation operators. 

ii) Other way is the Gupta-Bleuler quantization method. Such a technique implies the split 
of the second class constraints into complex-conjugated pairs, with holomorphic and antiholo- 
morphic parts forming separately the subalgebras of first class constraints. The algebra (^HSOI) 

f A B 

^In calculation it is convenient to use that detC = det Z? det(A — BD^^C) for matrix C = ( ^ ^ 

1 B \ ( A-BD-^C 
Q D )\ D-^C 1 

^On the mass shell T « and at z = m we get rja = 2mXa and fja = 2m Ad 
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of the constraints (fTTj). (fTS|) does not satisfy these requirements. Let us introduce, however, 
new constraints as follows 

V^ = D^ + Ip^^D^ , V^ = D^ + Id%^ , (27) 



Da = (Va). If b satisfies the equation {b'^ - 2b)^ - I = (i.e. 6 = (1 ± y 1 + g^)) the algebra 
of the constraints (jTfjl takes the form 

{Va, Vp} = feapT , {Va, V,} = -f e„,T , {P., V^} = -46(1 + ^)^p^^ - '^p^^T . 

We see that the constraints (jTfj) are suitable for application of Gupta-Bleuler quantization 
method. It should be mentioned that the transformation from constraints {Da, Da) to con- 
straints (VayVa) is invertible. 

We shall assume that the wave function satisfies the Klein-Gordon equation, what follows 
from the constraint ()16p. On the mass shell (fT^ the constraints ()27p have the form 

= < - 26(1 + ^)tPaiy^ ~ , Va = 7T'^ + 26(1 + ^)tX'^P(,a ~ (28) 

where we introduced new spinor variables via the following canonical transformation 

< = 7r„ + fp^^TT^ , TT^ = TT^ + ^71%^ , (29) 

A'" - ^(A" - !A,/") , A- = jS^CX- - Ip-^X,) (30) 
i.e. we obtain the standard canonical commutation relations (compare with (fT^ ) 

{A-,4} = 5^, {A'", vr;^} = 5^ , {A-,7ry = {A^7r;,} = 0. (31) 

For the quantization of our model we consider the Schrodinger representation of the 

CCR dSU 

tt'^ = -id/dX"" , < = -id/dX"" (32) 

and use the wave function in the momentum representation, i.e. \I' = \E'(p^, A'", A'""). The 
spinorial wave equation Pq,\I' = takes the following form^ 

i-d/dX"" + 26(1 + ^)A'%^)^ = . (33) 

The solution of is given by 

2 

^{p^, A'°, A"^) = e''^'^W^''"'''''~^"'^{p^, X'") (34) 

where the field ^'(p^. A'") depends only on one Weyl spinor A'" and provides the bosonic coun- 
terpart of = 4 iV = 1 chiral superfield. 

Due to the bosonic nature of A'" in expansion of '^{p^, A'") there is an infinite number of 
space-time fields ipai-a„{p) = 4'iai-a„){p), n = 0, 1, . . . , oo. The mass-shell condition (fT^ after 

^The choice of in place is equally well possible. 
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the transition by Fourier transformation to the space-time picture, leads to the Klein-Gordon 
(KG) equation (□ = (9^9^) 

(□ + m2)^(x;A,A) = ^ (□ + m^)^^^^...^^^) = (n = 0, 1, 2, . . .) • (35) 

Here we should observe that 

i) The half-integer spin fields (n odd) satisfy KG equation, however in massless case the 
half-integer helicity fields do satisfy linear equations (see Sect. 3), 

ii) The spin-statistic theorem is not valid - both integer and half-integer spin fields are 
bosonic. We shall come back to the question of statistics in Sect. 4. 

3 Massless particle model with = 1 bosonic counter- 
part of SUSY 

The model (jH), (0) can be described equivalently by the Lagrangian 

£ = -j-^iUf.u^' + e^m^) - i{zrXc, - zX^^'^) . (36) 

After eliminating the einbein e by means of its equation of motion, from one obtains the 
Lagrangian (jH)). The massless limit of ()Hf)|l looks as follows 

C = -^cj^cl;^ - z(2A"A„ - zX^X'^) . (37) 

Besides the constraint pe ~ which implies pure gauge character of the einbein e, from pTjl 
one gets the following constraints 

T = ~ , (38) 

-Dq = tTq + ip^pXP + izXa ~ , Da = TTa - iX'^Pfia " izX^ ~ . (39) 
The nonvanishing Poisson brackets are 

{Da, Dp} = 2tp^p , {Da, D^} = -2tzeafs , {Da, D^} = 2tze.p . (40) 

The mass constraint ()H8|1 is of the first class. The determinant of the Poisson brackets ma- 
trix (PT|) characterizing the spinorial constraints is the following 

detC = 16(/ + l^n^ ^ 161^1 ^ (41) 

If z 7^ all spinorial constraints (jH^ are second class. In the case of vanishing central charges 
z = the four spinorial constraints (j39|) contain two second class constraints and two first class. 
Below we analyze massless particle at z = with spinorial first class constraints, defined as 
follows: 

p& = p<^(^Df3 ^ , F° = D^p^" ^ (42) 
with the following Poisson brackets 

{F", D^} = 2t6'^T ^ , {F", Dfs} = -2i5'^T ^ 
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But the first class constraints (j42j) are reducible: Pa^F^ ~ 0, F^p^^ ~ 0. The irreducible 
separation of first and second class constraints is obtained by projecting of the spinorial con- 
straints along spinors A" and Aap"".® The constraints 

G = \"D^ ^ , G = D^r ^ (43) 

are second class whereas the constraints 

F = XaP'^'^Da ^ , F = D^p^^K ~ (44) 

are of first class. Their Poisson brackets look as follows: 

{G, G} = 2iXy^^r ^ , {F,F} = -(A-TT, - vr^A^) T , 

{G, F} = -{G, F} = F, {G, F} = -{G, F} = -F . 

We carry out quantization of massless particle with = 1 bosonic counterpart of SUSY 
by Gupta-Bleuler method. The wave equations are imposed by the first class constraints (jSH)), 
(jUj) T^O, F^O, F^O and either (5 ^ or G ^ 0. But the pair of constraints G ^ and 
F ^ are equivalent to the constraints ~ 0; similarly the constraints (5 ~ and F ^ are 
equivalent to the constraints ~ 0. Thus we have two possible quantizations: 

- 'bosonic chiral' quantization with the wave equations 

T|^) = 0, F|^) = 0, Di|^) = (45) 

- 'bosonic antichiral' quantization with wave function subjected to the conditions 

T|^) = 0, F|^) = 0, L>«|^) = 0. (46) 

Let us consider the chiral case. In the representation 

p^ = —id/dx'^ = —id^ , 7r„ = —id/dX^ = —id^ , vTa = —id/dX^ = —ida 

the wave function \E'(a;, A, A) satisfies the equations 

□ ^ = , (47) 

D^* = (-24-A%^)^ = (48) 
- iXad'^^Da ^ = -Xad'^'^da ^ = (49) 
In the variables = x'^ + iXa'^X, X", A" bosonic SUSY-covariant derivatives take the form 

Da = -Ida + 2dLacX , Da = -Ida • (50) 

^This procedure is corrected since spinors A" and Xap"" are not proportional in considered task. Otherwise, 
when X^PaaX" = 0, we have Paa ~ AqAq. Then the spinorial constraints l|39|) . taking the form tTq « 0, tTq, « 0, 
exclude completely the dependence on A, A. As result we obtain the system describing only by the variables 
x^, and tlic constraint (|38|l i. e. the massless particle of zero helicity. 
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Thus due to the chirahty condition (jiHj) the wave function does not depend on A". It depends 
only on the left chiral variables Zj^ = (a;^,A"), and commuting spinor A. One can write the 
following expansion 

oo 

v^(x^,A) = ^A"V..A""0,,...„„(a;J (51) 

n=0 

where the multispinor fields are totally symmetric in spinor indices, i.e. 4>ai...a„ = 
The usual fields depending on real space-time coordinates are obtained by 

The equation ()49j) gives Fierz-Pauli equations for the component fields 

5'^^0/3«.....„ = O. (52) 

The Klein-Gordon equation D(f)ai...an = 0, resulting from (jTTj) . follows also from We 
see therefore that the expansion of the wave function (j^Tj) describes an infinite set of massless 
particles with helicities n/2. 

The Gupta-Bleuler quantization procedure presented here is analogous to the one used for 
the quantization of massless Brink-Schwarz superparticle, but due to the bosonic character of 
spinorial variable A^ we get infinite helicity spectrum. We recall that the infinite set of integer 
and half-integer helicities describes also the spectrum of supersymmetric massless particles 
propagating in tensorial superspace P^ . 



4 Massive relativistic particles with N = 2 bosonic coun- 
terpart of SUSY. 

4.1 N = 2 action and the constraints 

Let us introduce two commuting Weyl spinors Xf, \f = (A") {i = 1,2). The natural general- 
ization of the Lagrangian © is 

C = -m(c0>'^)i/2 _ ^^z,,\tXo^j - ZijKjXf) . (53) 

Here the constant matrix Zij is symmetric, Zij = zji] the last terms in ()53|1 are total derivatives, 

e.g. ZijXfXaj = ^{ZijXfXaj) if z,, 



The tu-form can be written in general case as follow 



u^ = x^- ^K.,(Ara^ Af - A,V^ A, ) (54) 

where Kij = nji is the 2x2 Hermitean metric in = 2 unitary space. If we consider possible 
linear definitions of spinors A" in = 2 internal space one can choose 

( J I) (55) 
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where k is real. 

From expressions for the canonical momenta 



dC 

Pt^ = = -m{u^uj'')~^^'^ujf, , (56) 



dC 



dC 



we obtain the following constraints 



^^ijPa$Xj iZijXaj ; (57) 
iHijXjP^a + iZijXaj (58) 



T=p^-m'^0, (59) 



Dai = T^ai + il^ijPa/sXj + iZijX^j ~ , (60) 



Dai = T^ai - i'iijX'^PfSa - iZijXaj ~ . (61) 

Using the canonical Poisson brackets 

{x^pj = 61^ , {Xf, vr^,} = 5|<5,, , {Af , vr^^.} = 

({Aai,vr^j} = {vrai,A/3j} = -e^/j^ij, {Ac,j,7f^j} = {vrc,i,A^j} = -e^^^^ij) we obtain nonzero 
Poisson brackets of the constraints 

{Dai,D0-} = 2iKijP^0, (62) 

{Dai, Dfsj} = -2izijeai3 , {Dai, D0j} = 2izije^0 . (63) 

It should be pointed out that the relations (jU^ . ()63|) with changed sign on the rhs describe the 
bosonic counterpart of the generalized N = 2 superalgebra with the Hermitean metric Kij in 
internal N = 2 space. 

The constraint (j59p T ^ is the first class constraint. From the spinor constraints (|6(jp. 
()61|) one gets the following 4x4 matrix of PB 

^ ^ f {Da^,D|3J} {Dai,D0.} \ r -2iZijeafi 2iKijP^0 \ 

\ {Dai,D/3j} {Dai,D0j} J \ -2iKijPf3a 2z%e^^ J ' 

We obtain that 

det C = 2®[det(il + p^kz'^z)]'^ 

where 'hats' denote the corresponding matrices, i.e. z = (zij), z = (zij) and k = (nij) is given 
by (jHH). One can consider two cases: 

i) If matrix z = (zij) is diagonal, (zij) = \ ^ ) , we obtain that det(il + p'^kz ^kz) = 

V U Z2 J 

(l^ip +p^)(|z2p +p^K^), i.e. it is always nonvanishing. We see therefore that for arbitrary 
values of k and zi, Z2 all the constraints (jUUj) . are second class. 
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iij In case of antidiagonal matrix (zjj) = ( f ) (we remind that matrix is symmetric), 



^ Q ^ ...... 

we obtain that det{zz+p'^kz ^kz) = [\z\'^ +p'^k)'^ . One gets that the matrix of Poisson brackets 
of the constraints (jM|l has vanishing determinant if k = — -^ < and we conclude that in such 
a case the first class constraints are present in the model. Putting z = m, i.e. k = —1, it is 
easy to check that the unitary metric tensor Hij implies the invariance of the form cj^ (see fl54j) ) 
under ^7(1, 1) symmetry. The presence of the central charge reduces however this symmetry to 
the invariance group 0(1, 1) = U{1, 1) fl 0(2; c), and only in this case the first class constraints 
are present in the model (jSHj) .^ 

In case ii) we will consider a simple choice z = m, i.e. k = — ^ = —1. Introducing the 
notations A° = A° and = f]'^ the Lagrangian (|53|) and cu-form (j54p are 



£ = -m(c0>'^)^/2 - im{rria + r)"A„ - A«^" - r/^A") , (65) 
^t^ = x^- z(A"a^ . A^ - A"a^ . A^) + t(rj''a''.f - vTa^ jf) . (66) 

4.2 Description of the model in terms of Dirac spinors 

The formulation has an attractive interpretation if we pass to the commuting four- 
component Dirac spinor 

Aq 

if 



where a = 1, 2, 3, 4. The Dirac matrices (7^)a^ in Weyl representation are as follows 



where cr° ^ = cr°"^ = lo and ex* a = — cr*"^ (i = 1, 2, 3) are the Pauli matrices. Then 

ap ap \ I ' / 

and we obtain 



^^/^^ - V^t'^^ = r]''a\f - A"(t'' . A^ - (v'^ct^^V^ - A"(t^ ■ A^) . 

' ' ap ' ap ^ ' ap ' ap ' 



\ ) 

Thus the Lagrangian takes in the notation using Dirac spinor t\} the following simple form 

C = -m{uj^uj^'y/'^ - im{i}i) - iptp) , (67) 
^We recall that in case of standard N — 2 superparticle when spinor variables are Grassmannian and the 
matrix Zij is skew-symmetric, (zij) = ^ ^ )' ^^'^^ class constraints are presented (the matrix of 

I 1^ 

Poisson brackets of the constraints has vanishing determinant) if k = > and the internal N = 2 symmetry 
in the presence of central charges z = m is U{2) n Sp{2; c) = SU{2). 
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where 

cj^ = x^* + i{^lJ^^''^lJ - tp^i^) . (68) 

We would like to point out that the model with spinorial variables described by Dirac spinor 
corresponds to the choice of noncompact internal sector, with the metric Kij = diag(l, —1). It 
should be added that the model ^7\i in different context has been firstly proposed in 



4.3 Gupta-Bleuler quantization of the model 

The constraints ()59|l - (jHT|l loi z = m or equivalently k = —1, written in Dirac notation, are the 
following 

T = - ^ , (69) 
= tt" + if{p - m)f,'^ ^ , (70) 
5, = 7r,-«(p-m)aVf>~0. (71) 

Here tt" and vfa defined as vr" = dC/dijja and tTq = dC/dijj are conjugate momenta of ipa and 
ip"-; their Poisson brackets are vr''} = 5^ and vffe} = d^. Also we shall use notation 

From Poisson brackets of the constraints 

{D,,D'} = -2i{p-m)a\ {Z^",Z^^} = 0, {D„ A} = , (72) 

{T,Dj = {r,5j = (73) 

we obtain directly that the constraint ()69|) and the half of the spinorial constraints ()70p . (f7T|l 
are first class constraints. 

The separation of first and second class spinorial constraints in ()70|1 . is achieved by the 
projectors V± = ^{m±p) where 1 = (P++P_). One can check that on mass shell = we 
obtain V±V± = V±, V+P- = 0. From eight real spinorial constraints (fTOI) . (f7T|) we construct 
the following sets of reducible constraints 

F'' = D\p + my, Fa = {p + m)a'Dh; (74) 

G'' = D\p-my, Ga = {p-m)a'D,. (75) 

Due to the relations 

F\p - m)b'' = , {p- m)J'F, = ; 

G\p + my = ^, {p + m)J'D, = Q 

on the mass-shell ()69p in the set of the constraints (F", Fa) there are only four real indepen- 
dent constraints. Analogously, the constraints (G°, Go) contain as well four real independent 
constraints. Expressing the constraints (fTOI). (f7T|) in term of the constraints (fTij) . (f7^ we get 

= A.^F^ _ G^) ^ Da = ^{F^-Ga). 

The constraints (j74j) . (j75p satisfy the following Poisson brackets algebra 

{Fa, F'} = -2i{p + m)J'T , {F", F^} = {F„ F J = , 
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{F,, G'} = {Ga, F'} = -2i{p - m)J'T , {F,, G,} = {F^ G'} = , 

{Ga, G'} = -8tm\p + m)a' - 2t[2m6i + {p + m)a']T , {G^ G'} = = . 

From eight real spinorial constraints present in (jTOJ, ()71|) four independent constraints in 
{F°-, Fa) are first class whereas four independent constraints contained in (G", Ga) are second 
class. 

We shall employ the Gupta-Bleuler quantization method by imposing on the wave function 
all first class constraints (T, F", Fa) and half of the second class constraints being in involution 
(G" or Gb). We have two quantizations: 

- bosonic chiral quantization, with the wave function satisfying the following wave equations 

r|^) = 0, F"|^) = 0, Fa\^) = 0, Ga\'^) = (76) 

- bosonic antichiral quantization with the wave function submitted to the following equations 

T|^) = 0, F"|^) = 0, Fa\^) = 0, G''|^)=0. (77) 

The reducible constraints Fa and Ga are equivalent to primary constraint Da] similarly the 
constraints and are G" equivalent to D"^. Therefore one can express the wave equations ()7(i|l . 
(I77jl in other equivalent way 

- bosonic chiral quantization: 

T|^) = 0, L'a|^) = 0, F"|^) = (78) 

- bosonic antichiral case in which wave function is subjected the following constraints 

T|^) = 0, F'"|^) = 0, Fa\^) = 0. (79) 

Let us consider chiral case ()78|) in more details. Using the realization 

Vr'^ = -td/d^IJa , TTa = -id / 

and the momentum-dependent wave function '^{p^ip^ip) one can write down the relations (|75|l 
as follows 

Da^ = + {p- m)a'M'^ = , (80) 

dip"- 

F"^ = -i^(]3 + m)b'^^ = 0, (81) 

= {p'^ + m^)^ = . (82) 
The equation (jHIH) has the general solution 

^(p, V, i') = e-^^^-'^^^^ip, i)) (83) 
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where the reduced wave function \E'(p, ■?/') depends only on ip, i. e. we have the expansion 



oo 



(84) 



n.=0 



Due to commuting nature of spinor tpa the component fields </)'^^" ""(p) are totally symmetric 



We see that the multispinorial fields (j85|) are Bargman-Wigner fields describing massive parti- 
cles of spins n/2. Obviously the Klein-Gordon equation (jH^ is the consequence of (jHEI)- 

5 Conclusion 

The classical c- number higher spin fields dHSHHEI) for any spin are mathematically correct, and 
provide the relativistic quantum-mechanical description of one-particle states with arbitrary 
mass and spin (see e. g. [201 )■ The concept of bosons and fermions is related with the symmetry 
properties of multiparticle states, obtained in quantum field theory by quantum fields acting 
on the vacuum state. The description of higher spin fields presented here (see (|H^) does 
not take into consideration the spin-statistics theorem, however in the framework of first- 
quantized one-particle classical mechanics we need not to specify the statistics. The transition 
to the proper spin-statistic relation can be achieved in two way: 

i) By introducing classical theory as a suitable limit /i — of quantized higher spin fields. In 

such a case the half-integer spin fields will have the Grassmann nature (we recall that 
fermionic quantum fields are described by infinite-dimensional Clifford algebras which 
become in the limit h ^ an infinite-dimensional Grassmann algebra). 

ii) One can pass from one-particle wave function to the wave function describing multiparticle 

states by suitable symmetrization procedure (besides bosonic and fermionic multiparticle 
states one can introduce also parabosonic and parafermionic multiparticle states, with 
'mixed' symmetry properties). 

The wave functions obtained in this paper if used for the description of multiparticle states 
should be therefore suitably symmetrized: one introduces symmetric products of one-particle 
wave functions for integer spin fields, and totally antisymmetric products if spin is half-integer. 
Such a procedure is well-known from the description of multi-particle states in quantum me- 
chanics. If we wish to construct the quantum fields which generate multiparticle states from the 
vacuum we should multiply the c-number wave functions by respective bosonic and fermionic 
creation and annihilation operators. Such a procedure for obtaining fermionic fields with half- 
integer spin or hehcity can be applied to = 1 massless case (Sect. 3) and N = 2 massive case 
(Sect. 4), due to the presence of linear field equations. 





The equations (j8T|l provide the Dirac equations for these fields 




(86) 
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It should be added that c-number massive higher spin fields have been obtained also in 
other papers from different relativistic particle models ^Hl 1^ 122] ■ We should also add that 
the realizations of 'bosonic' superalgebra was used in [21] for description of physical degrees 
of freedom of the critical open string with N = 2 conformal symmetry in 2 + 2 dimensions. 
Further one can point out that if one introduces fields on twistor spaces (see e. g. [El EI) usually 
they are also commutative for any spin, or any helicity (in massless case). 
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